We extend our analysis of the implications of hadronic supersymmetry for heavy-light hadrons in light-front holographic QCD. Although conformal symmetry is strongly broken by the heavy quark mass, supersymmetry and the holographic embedding of semiclassical light-front dynamics derived from five-dimensional anti-de Sitter (AdS) space nevertheless determines the form of the confining potential in the light-front Hamiltonian to be harmonic. The resulting light-front boundstate equations lead to a heavy-light Regge-like spectrum for both mesons and baryons. The confinement hadron mass scale and their Regge slopes depend, however, on the mass of the heavy quark in the meson or baryon as expected from Heavy Quark Effective Theory (HQET). This procedure reproduces the observed spectra of heavy-light hadrons with good precision and makes predictions for yet unobserved states.
This new approach to hadron physics incorporates basic nonperturbative properties which are not apparent from the chiral QCD Lagrangian; it includes the emergence of a mass scale and confinement out of a classically scale-invariant theory, the occurrence of a zero-mass bound state, universal Regge trajectories for both mesons and baryons, and the breaking of chiral symmetry in the hadron spectrum. This holographic approach to hadronic physics gives remarkable connections between the light meson and nucleon spectra [2] , as well as specific relations which can be derived for heavy-light hadrons. Remarkably, even though heavy quark masses break conformal invariance, an underlying dynamical supersymmetry still holds [3] .
Our analysis is based on a procedure developed by de Alfaro, Fubini state with L M = 0 and total quark spin zero is massless in the chiral limit and is identified with the pion; it has no supersymmetric partner.
It is not known why the effective theory based on superconformal quantum mechanics and its light-front holographic embedding captures so well essential aspects of the confinement dynamics of QCD. However, underlying aspects of the superconformal holographic construction, conformal symmetry and supersymmetry, as well as the LF cluster decomposition required by the holographic embedding, could help us understand fundamental features of QCD in its nonperturbative domain.
As it is the case for conformal quantum mechanics [5] , where the action remains invariant under conformal transformations, classical QCD in the limit of massless quarks has no mass scale, but confinement and a mass gap can emerge from its quantum embodiment. The cluster decomposition of the constituents of baryons corresponding to a quark-diquark structure is necessary in order to describe baryons in light-front holographic QCD (LFHQCD)
since there is only a single holographic variable [8] . The required LF clustering follows from the mapping of anti-de Sitter (AdS) equations to QCD bound-state equations in light-front physics [9] , where one identifies the holographic variable z in the AdS classical gravity theory with the boost-invariant transverse separation ζ between constituents in the light-front quantization scheme [10, 11] . In the case of mesons,
is conjugate to the invariant mass of thein the LF wave function; it is the invariant variable of the LF Hamiltonian theory [12] . The resulting symmetry between mesons and baryons is consis-tent with an essential feature of color SU(N C ): a cluster of N C − 1 constituents can be in the same color representation as the anti-constituent; for SU(3) this means3 ∈ 3 × 3 and 3 ∈3 ×3. Thus, emerging hadronic supersymmetry can be rooted in the dynamics of color SU(3) [13, 14] .
Our basic model describes the confinement of massless quarks [1, 2, 4] . Indeed, for light quark masses it makes sense to apply superconformal dynamics and to treat the quark masses as perturbations: The dynamics is then not significantly changed for nonzero quark mass, and the resulting confinement scale remains universal for the resulting hadronic bound states [4] . In contrast, in the case of heavy quark masses, we cannot rely on conclusions drawn from conformal symmetry; however, the presence of a heavy mass need not also break supersymmetry since it can stem from the dynamics of color confinement [18] . Indeed, as we have shown in Ref. [3] , supersymmetric relations between the meson and baryon masses still hold to a good approximation even for heavy-light, i.e., charm and bottom, hadrons.
In addition to the constraints imposed by supersymmetry, we will use additional features imposed by the holographic embedding in order to constrain the specific form of the confinement potential in the heavy-light sector. We will also use the heavy-quark flavor symmetry of QCD [19] to determine the dependence of the confinement scale on the heavy quark mass in the heavy mass limit, since this symmetry is compatible with the light-front holographic approach [20] . Other holographic approaches to the heavy-light sector, including the recent holographic approach given in Ref. [21] , which includes chiral and heavy quark symmetry, have been been proposed in Refs. [22] [23] [24] [25] [26] [27] .
Light quark masses are not only essential for approximate conformal symmetry, but they also guarantee the decoupling of transverse degrees of freedom -expressed through the LF variable ζ in the hadron LF wave function -from the longitudinal degrees of freedom which depends on the longitudinal LF momentum fraction x [28] . The holographic mapping derived from the geometry of AdS space encodes the kinematics in 3+1 physical spacetime, and the modification of the AdS action -usually described for mesons in terms of a dilaton profile ϕ(z) -generates the confining LF potential U(z) in the light-front bound-state equations [29] .
Since light constituents are present in the heavy-light bound states of mesons or baryons, the system is still ultrarelativistic; thus the heavy-light bound states need to be described by relativistic LF bound-state equations. This means that the heavy-light system has properties common to both the chiral and the heavy-quark flavor sectors [19, 21] . It also suggests that we can holographically connect the supersymmetric theory to a modified AdS space; this will be possible if the separation of the dynamical and kinematical variables also persist, at least to a good approximation, in the heavy-light domain. As we will show, we can again derive a unique confinement potential for both mesons and baryons in the heavy-light sector, even when conformal symmetry is broken by a heavy quark mass. The resulting embedding leads to a LF harmonic confinement potential for the heavy-light hadrons and thus to Regge trajectories; however, as we shall show, the confinement scale and Regge slope depends on the mass of the heavy quark. We will investigate this dependence using Heavy Quark Effective Theory (HQET) [19] . The procedure discussed in this article not only reproduces the observed data to a reasonable accuracy, but it also allows us to make predictions for yet unobserved states.
This article is organized as follows: In Sec. II we will briefly review the construction of the LF Hamiltonian from supersymmetric quantum mechanics [30] using the methods developed in Refs. [1, 2, 6] . In Sec. III we extend our approach to systems containing a heavy, charm or bottom, quark. Notably, we discuss the constraints imposed by the holographic embedding on the supersymmetric potential, which in turn determine the form of the light front potential. We compare our predictions with experiment in Sec. IV, and in Sec. V we discuss the constraints on the confinement scale imposed by HQET. Some final comments are given in Sec. VI. In the Appendix A we give expressions for the LF wave functions and hadron distribution amplitudes which are compatible with our general approach. This article is the continuation of Ref. [3] .
II. THE SUPERSYMMETRIC LIGHT-FRONT HAMILTONIAN
The light-front Hamiltonian derived in the framework of supersymmetric quantum mechanics [30, 31] contains two fermionic generators, the supercharges, Q and Q † with the anticommutation relations
and the Hamiltonian H with zero eigenvalue, it is annihilated by the operator Q † : Q † |φ 0 = 0. This implies that the lowest mesonic state on a given trajectory has no supersymmetric baryon partner [2] . This shows the special role of the pion in the supersymmetric approach to hadronic physics as a unique state of zero mass in the chiral limit.
In matrix notation
and
where ζ is the LF invariant transverse variable and f is a dimensionless constant. One can add to to the Hamiltonian (2) a constant term proportional to the unit matrix
where the constant µ has the dimension of a mass; thus we obtain the general supersymmetric light-front Hamiltonian derived in Ref.
[3]
where
= f and U M and U B are, respectively, the meson and baryon LF confinement potentials:
The superpotential V is only constrained by the requirement that it is regular at the origin. For the special case V = 0, the Hamiltonian is also invariant under conformal transformations, and one can extend the supersymmetric algebra to a superconformal algebra [6, 32] .
In fact, the use of this procedure in supersymmetric quantum mechanics determines a unique form for the superconformal potential in (5): It is given by V = √ λ ζ [1, 2]. Thus, in the conformal limit µ 2 → 0, and we have
with λ M = λ B = λ. The Hamiltonian (8) acts on the spinor . The tetraquark sector is discussed in more detail in Ref. [4] .
III. EXTENSION TO THE HEAVY-LIGHT HADRON SECTOR
In LF holographic QCD the confinement potential for mesons U M (9) follows from the dilaton term e ϕ(x) in the AdS 5 action following Ref. [33] . It is given by [34] 
for J M = L M . In the conformal limit a quadratic dilaton profile, ϕ = λζ 2 leads to the potential (11).
The dilaton ϕ is not constrained by the superconformal algebraic structure in the presence of heavy quark masses, and thus its form and the form of the superpotential V are unknown a priori. Additional constraints do appear, however, by the holographic embedding which can be derived by equating the potential (14) , given in terms of the dilaton profile ϕ, with the meson potential (9) written in terms of the superpotential V . We have:
We shall make the ansatz:
Then we obtain:
and therefore
Introducing the linear combination
it follows that
This yields
and therefore:
Using (16) and (24) we obtain upon integration the dilaton profile for a meson with
On the other hand, from (17) and (25) it follows that this profile for arbitrary σ(ζ) is compatible with the SUSY potential
The baryon equations give no further constraints.
In LFHQCD the AdS geometry fixes the nontrivial aspects of the kinematics, whereas additional deformations of AdS space encodes the dynamical features of the theory [29] . In particular, the dilaton, which describes the dynamics of confinement for mesons in holographic QCD, must be free of kinematical quantities and thus must be independent of the angular momentum L M . This is only possible if the derivative σ ′ (ζ) = 0 in (26) and (27), thus σ(ζ) = A with A an arbitrary constant. From (26) and (27) it follows that
This result implies that the LF potential in the heavy-light sector, even for strongly broken conformal invariance, has the same quadratic form as the one dictated by the conformal algebra. The constant A, however, is arbitrary, so the strength of the potential is not determined. Notice that the interaction potential (14) is unchanged by adding a constant to the dilaton profile, thus we can set B = 0 in (28) without modifying the equations of motion.
The LF eigenvalue equation H|φ = M 2 |φ from the supersymmetric Hamiltonian (8) leads to the hadronic spectrum Mesons:
Baryons:
where, as we will see below, the slope constant λ Q = 1 2 λ A can depend on the mass of the heavy quark. The constant term µ contains the effects of spin coupling and quark masses.
This term has been derived for light hadrons in Ref. [4] , yielding very satisfactory results, as well as giving clear evidence for the universality of the confinement scale λ for light quarks.
More generally, we can allow for a small breaking of the supersymmetry due to the different light quark masses in the meson or nucleon, µ
We shall discuss a possible extension for heavy quarks in the Appendix A, but we will initially treat their masses as unconstrained constants in a fit to all the heavy-light trajectories. constrained by conformal symmetry, as compared to the case where it is strongly broken by heavy quark masses, and only supersymmetry remains as a constraint.
All of the results for the charmed hadrons are collected in Table I ; the predictions for bottom hadrons are summarized in Table II . The slopes for charm hadrons are definitely larger than those for the light hadrons, but they agree within ±10% for all charm hadrons.
The agreement of the data with the theoretical predictions from (29) is of the same order as for light hadrons. The average deviation is 55 MeV, but the data are rather sparse.
The model, however, makes predictions for higher orbital (and radial) excitations with an accuracy of approximately ±100 MeV. The values for the mean of the modulus of deviation between theoretical and experimental values is 55 MeV, the standard error is 72 MeV; this deviation is comparable to that obtained for light hadrons [3, 4] . We have added in Table   I the predicted missing superpartners and all mesons with angular momentum L M ≤ 2 and baryons with L B ≤ 1.
We have omitted the Σ c and the Σ b baryons from the figures and the tables, since it is not clear whether they should be included in the same trajectories with the pseudoscalar or the vector meson, as will be discussed in more detail at the end of the Appendix A. It has been known for a long time [36] , and has been formally proved in HQET [19] , that in the case of masses of heavy mesons M M , the product √ M M f M approaches, up to logarithmic terms, a finite value
a relation which can also be derived using the light-front holographic approach [20] . In the present holographic framework this means that the confinement scale λ Q has to increase with increasing quark mass. Indeed, using the results of the Appendix A, we can write the decay constant f M (A9) expressed through the wave function (A4)
where, for simplicity, we consider the case where m 1 = 0; the heavy quark mass is m 2 = m Q . We introduce ν 2 ≡ m 2 Q /λ and use the saddle-point method to evaluate the integral of the numerator for large values of ν 2 . One expands the numerator around the value
, where the integrand is maximal and obtains:
This Gaussian integral yields:
The integral in the denominator of (31) can be performed analytically
Thus in the large m Q limit:
In the limit of heavy quarks the meson mass equals the quark mass. From the HQET relation (30) it follows that
where the constant in (36) has the dimension of mass. This corroborates our statement that the increase of λ Q with increasing quark mass is dynamically necessary. In Fig. 4 we between the π and K mass.
VI. SUMMARY AND CONCLUSIONS
In this article we have extended light-front holographic QCD to heavy-light hadrons by using the embedding of supersymmetric quantum mechanics in a modified higher dimensional space asymptotic to AdS. Remarkably, this embedding not only yields supersymmetric relations between mesons and baryons, but it also determines the superconformal potential and thus the effective potential in light-front holographic QCD. If one introduces for mesons the breaking of the maximal symmetry of AdS 5 by a dilaton term, as it is usually done, one finds that only a quadratic dilaton profile is compatible with the supersymmetric potential;
thus, a harmonic LF potential again emerges, as is the case for light quark hadrons. This implies linear trajectories not only for light hadrons, but also for the heavy-light mesons and baryons. Although the experimental data are sparse, the existing data are not in contradiction with this linearity; however, future data on heavy-light hadrons will be critical to test the dynamical assumptions described here.
In our approach, the heavy quark influences the transverse degrees of freedom only indirectly by modifying the strength of the harmonic potential; this modification cannot be determined from supersymmetry. However, the dependence of the confinement scale on the heavy quark mass can be calculated in HQET, and it is in agreement with the observed increase. Indeed, HQET is compatible with the light front holographic approach to hadron physics [20] . As mentioned above, the additional term µ 2 in Eq. (29) for light hadrons was given in [4] in terms of the internal spin and the quark masses of the constituents. The spin interaction term has the simple form 2λ s, where s is the quark spin of the meson or the quark spin of the diquark cluster in the baryon, respectively. There is, however a problem with the cluster spin assignment of the Σ c and Σ b , as will be explained at the end of this appendix.
In order to estimate the influence of the quark masses and also to evaluate the decay constants f M , which play a crucial role in Sec. V, we need to have a good description of the wave functions of the hadrons. We found for a hadron with LF angular momentum L and radial excitation number n [8] :
with normalization
Here L L n are the associated Laguerre Polynomials, and ζ = x 1 (1 − x 1 ) |b ⊥1 | for mesons and ζ = 
where k ⊥i is the transverse momentum of the constituent i. This leads to the wave function for hadrons with small quark masses:
with
The normalization condition
It is certainly not realistic to assume that these wave functions, derived under the assumption of small quark masses, can be simply extrapolated to heavy-light hadrons. But on the other hand, the embedding of the supersymmetric theory into modified AdS demands that the quark masses enter only indirectly through the confining (transverse) dynamics, namely by a change of the confinement scale λ. We therefore apply, in an exploratory way, the procedure developed for light quarks [8] to determine also the masses of hadrons containing a heavy quark.
According to [4] the set of constants µ 2 in (29) are given in first approximation by:
where the first term is the spin term discussed above and
where ψ is the normalized ground state wave function (A4) with n = 2 for mesons and n = 3 for baryons.
Since λ Q has been determined in the fit to the trajectories and the light quark masses are known from the fits to light hadrons [8] , the only free parameter in these formulae is the effective heavy quark mass, m Q . For hadrons containing a charm quark, the best fit to the 8 ground states of the trajectories yields m c = 1547 MeV, for the bottom quark mass one obtains correspondingly m b = 4922 MeV. The quality of the fit is worse than that to the trajectories, the standard deviation is 95 MeV.
A more severe test for the adequacy of the wave functions are the leptonic decay constants.
The leptonic decay constant of a pseudoscalar meson M samples the light-front wave function at small distances and is a very sensitive test for the wave function. Its exact computation is given in terms of the valence light-front wave function [37, 38] 
is the distribution amplitude (DA). Since φ(x) = ψ(x, b ⊥ = 0)/ √ 4π, we can write f M in terms of the LFWF at zero transverse impact distance:
which is identical with the result first obtained by van Royen and Weisskopf [39] .
The decay constants f M of the heavy-light mesons are not directly observable, since the leptonic decay rates also depend on the matrix elements of the weak decay of heavy quarks.
There are, however, many phenomenological results, notably from QCD sum rules and lattice calculations, which give a fairly consistent picture. We present in Table III , second row, the results form [35] , Leptonic decays of charged pseudoscalar mesons. For completeness we have also included the K meson.
The results for the decay constants obtained from (A11) with the wave function (A4) are displayed in Table III, 
in the LF wave function for the heavy quark with mass m Q and longitudinal momentum x Q .
The result for α = 1 2 is shown in Table III , last row, "modified w.f.". The improvement from errors between 40% and 60% to errors between 3% and 8% is dramatic, and, most important, there is no sign of an increasing discrepancy with increasing quark mass. Since the quantity α is mass independent, it does not affect the conclusions from HQET, drawn mass. This is also observed: the mass difference δ M between the Σ * b , which must contain a spin 1 cluster, and the Σ b is δ M = 20 MeV; in contrast, the Σ * c (2520), which must contain a spin 1 cluster, and the Σ c (2455) is δ M = 65 MeV. 
